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T;J’AIJZ,A,TION  (JP  FirRCTIOUa  OP  SUPEHPOSITIOFS 


/“I'his  is  a  traixalation  of  an  article  written  by  B. 
Ye,  Erichsvsfcly  in  Probleisy  Kibsraetiki  (Breblems  of  Cyber 
jnetics),  Ho  2,  Moscow^  1959»  pages  123-’13oj/ 


In  the  theory  of  controlling  systems  and  in  mathe- 
^^;r>.tic-a3.  logic  we  frerinently  encoixntei''  the  problem  of  the 
jimplGst  szpreHsion  or  realiization.  of  the  gi'Mfen  function 
by  means  of 'cone truot ions  of  one  or  anethar  type^  for  ex¬ 
ample,  by  means  of  Iterations  (superpositions)  of  some,, 
basic  furictions  or  by  means  of  controD-liag  systems.  She 
construction  is  usually  ascribed  bn  index  of  simplicity 
which  saoidly  exin-esses  its  complexity,  for  example,  the 
number  contacts  in  the  contact  circuit  or  the  number  of 
letters  in  the  formulaj  the  simplest  of  the  constructions 
which  expresses  the  fimotion  is  that  which  has  a  minimtuB. 
index  of" simplicity. 

A  substantial  characteristic  of  thci  mass  of  the 
functions  of  Ph  is  the  number  L(lk)-— the  upper  edge  of  the 
indexes  of  the  simplest  constructions  which  express  the 
fuiiotions  of  Dhi  this  nxaber  was,  for  the  first  tim^^^ 
brought  up  by  Kiordan  and  Schannon  Scharmon  • 

Many  works  deal  with  the  evaluation  of  L(I}h)  ib  the  con¬ 
crete  selection  of  the  mass  the  mass  of  realising  con- 
struetioas  and  the  5.n(lex  of  siaplioityi  we  wish  to  mention 
the  paters  by  Schannon  /*“2  7't  Biordan  and  Schannon  1_/ j 

Lupanov  3_/ »  Yablonskly  27*^ »  Povarov  ^ 3  f  •  lb  the 

work  "7?  the  constructions'  of  a  very  general  type  are 
examined  as  the  constructions  which  expi'ess  the  given 


function,  , 

Ve  shall  examine  the  "superpositions  of  eleaentaxy 
objects"  as  the  constructions.  The  concept  of  the  super¬ 
position  of  elementary  objects  is  introduced  as  a  genera¬ 
lisation  of  the  concept  of  the  superposition _ of  basic 
functions  and  makes  it  possible  to  obtain  uniformly  re  - 
suits  vihicb.  pertain  to  the  theory  of  circuits  and  to  the 
algebra  of  logic.  Jr-oa  the  index  of  simplicity  we_  reviuire 
the  fulfillment  of  natural  limitations  (see  p.  1.  3  (I'h® 
first  figure  indicates  the  number  of  the  paragraph?  the 
second,  the  number  of  the  point.).  Under  these  conditions, 
the  lower  evalitation  for  L(I)jj)  is  obtained!  we  wish  to 
note  that  the  Lupanov  method  would  give  here  a  much  co.arser 
evaluation  because  Lupanov  examined  co-xustruotions  of  a  more, 
general  type  than,  in  our  ease. 
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/"This  is  a  translation  of  an  article  written  by  E. 
Ye,  Kri^evskiy  In  Probleaiy  Kibemetiki  (Problems  of  Cyber- 
^netics),  No  2,  Moscow,  1959*  pages  123-138:»7  i- 

In  the  theory  of  controlling  systems  and  in  mathe- 
i^aticel  logic  we  frequently  encounter  the  problem  of  the 
jiimplcst  expression  or  realization  of  the  given  function 
by  means  of  construetions  of  one  or  another  type,  for  ex¬ 
ample,  by  means  of  iterations  (superpositions;  of  some, 
basic  functions  or  by  means  of  controlling  systems. 
construction  is  usually  ascribed  ^  index  of  simplicity 
which  sspidly  expresses  its  complexity,  for  ea»mple,  the 
number  contacts  in  the  contact  circuit  or  the  number  of 
letters  in  the  formula;  the  simplest  of  the  constructions 
which  expresses  the  function  is  that  which  has  a  minimum 
index  of  aimplioilqr. 

A  substantial  characteristic  of  the  mass  of  the 
functions  of  is  the  nximber  upper  edge  of  the 

indexes  of  the  simplest  construetions  which  express  the 
functions  of  Ik;  this  number  was,  for  the  first  tim^ 
brought  up  by  Riordan  and  Schannon  Schannon  /“2 

Many  works  deal  with  the  evaluation  of  L(Ik)  in  the  con¬ 
crete  selection  of  the  mass  Ik,  the  mass  of  realizing  oon- 
struotions  and  the  index  of  simplicity;  we  wish  to 'laention 
the  papers  by  Schannon  /"2  7*  Riordan  and  Schannon  _/, 
liupanov  /"3  A  Yablonsk^  Povarov  ^5*  In  the 

work  /"3l7»  the  oonstxoictions  of  a  very  general  type  are 
examined  as  the  constructions  which  express  the  given 
function, 

y©  shall  examine  the  "superpositions  of  elementary 
ob;}eots"  as  the  constructions.  The  concept  of  the  super¬ 
position  of  elementary  ob.-jecta  is  introduced  as  a  genera¬ 
lization  of  the  concept  of  the  superposition  of  basic 
functions  and  makes  it  possible  to  obtain  uniformly  re  - 
suits  which  pertain  to  the  theory  of  circuits  and  to  the 
algebra  of  logic.  Prom  the  index  of  simplicity  we  require 
the  fulfillment  of  natxiral  limitations  (see  p,  1.  3  (The 
first  figure  indicates  the  number  of  the  paragraph;  the 
second,  the  number  of  the  point.).  Under  these  conditions, 
the  lower  evaluation  for  L(%)  is  obtained;  we  wish  to 
note  tiiat  the  lupanov  method  would  give  here  a  much  coarser 
evaliiation  because  Lupanov  examined  constructions  of  a  more 
general  type  than  in  our  ease. 


Determination  1  (inductive).  Any  symbol  from  at  is; 
called  superposition  of  class  0, 

2,  Let  •  ■  •-•Al  be  called  the  superposition  of 

class  If  fa-sjrt  and  all  --“superpositions  of  a  class 
less  than.  ».  moreover,  the  maximum  of  the  classes  of  the 
superpositions  A,,  iwl,  .  .  .  .  is  equal  to  .i9~h 

Superposition  the  class  of  which  is  not  leas  than  1 
is  called  superposition  of  elementary,  objects  of  <05  .  fhe 
.mass  of  superpositions  of  the  objects  is  designated  by’*- 
•Examples  of  the  superposition  of  class  1  are,  for  the  pro-  ' 
per  slection  of  the  masses  :3c«ir,»h# 

*a*  •*i«  *a); 

lixi  example  of  superposition  of  class  2  is  *»»  *1.  *»)• 

1,2,  Geometric  illustration.  Henceforth, . it  will 

be  convenient  to  utilise  the  geometric  interpretation  of 
superposition.  ¥e  shall  determine  inductive].y  the  image  of 
superposition,  its  root,  and  its  end  segments.  Vie  shall 
consider  an  \~place  star  as  the  'image  of  an  ,% -place 
superposition  of  class  1  , . . . , Itui)  *  i,  e.,  the  combina¬ 

tion  of  the  %4-i  segments  which  emanate  from  one  point, 
one  of  which,  called  the  root,  is  separated,  while  the  re¬ 
maining,  called  ends,  are  numbered  in  a  definite  order, 

¥e  shall  compare  the  root  with  the  symbol  and  the  i-th 
segment— vrith  the  sym,bol  *i  (Eig  1). 

Let  there  now  be  the  superposition  of  elementary 
objects  of  n-th  class  i-* . .  • . .  An,),  where  ^  are  the  super¬ 
positions  of  the  classes  not  higher  than^'«'-T  r,  Let 

us  assume  that  for  the  superposition  ' 

a  geometric  image  has  already  been  constructed  and  that 
the  symbol  corresponds  to  the  root  of  it  and  the  sym¬ 

bols  encountered  in  the  superposition  of  4,.  corres¬ 
pond  to  the  end  segments. 

In  order  to  construct  the  gioiastric  image  ijt (Aji ^ 
we  shall  identify  the  i-th  end  segment  of  the  star,  corres¬ 
ponding  to  with  the  root  of  the  image  of 

and  for  the  resulting  segment  we  shall  accordingly  place 
the  symbol  while  the  remaining  symbols  correspond  to 

the  previous  segments.  The  root  of  the  image  •  •  •  ► 

will  be  called  the  root  of  the  star  * ,  '  while 

all  the  remaining  end  segments  of  the  images  4,,..,,  4»i, 
will  be  called  end  segments . 
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is  easy  to  see  that  the  geometric  image 
superposition  4(.4, —  ,.4^  represents  a  tree  with 

rated  segsent— root  ^“13  7,  The  segments  of  this 
coropared^  witn  the  symbols  or  x».  moreover,  if  : 
superposition  one  object  is  v/ithin  another,  then  the  corres- 
pond;Lii|;  segments  a,re  situated  in  such  a  manner  that  it  is 
possible  to  indicate  the  path  whic:  passes  at  first  through 
the  first  ^x,  e.,  corresponding  to  the  outer  object)  segmait 
and  then  through  the  second.  Henceforth,  the  geometric 
image  of  the  superposition  will  be  called  a  tree  with  svm- 
bols  of  (L.  xt-tree , 


Bxample.  The  superposition  £<Ti(b,(*r  s’*)  has 

in  a  geometric  image  the  <1.4 -tree  shovm  in  ?ig  2,  If  all 
the  symbols  and  are  erased  in  the  (/-. -p- -tree,  then  the 
resulting  formation  will  be  called  a  tree. 

1.3.  Isomorphism.  In  the  calculation  of  the  num¬ 
ber  of  superpositions  we  shall  need  the  concept  of  isomor¬ 
phism  of  superpositions  of  <r,  and  also  the  concent  of  the 
isomorphism  of  trees. 

xietermination.  Two  superpositions  are  isomorphous 
then  and  only  then  if  they  are  graphically  identical,  i.  e., 
on  the  same  places  there  are  the  same  signs  of  the  alphabet 
consisting  of  symbols  brackets,  and  commas. 

V/e  shall  place  in  conformance  with  the  tree  the  word 
of  the  aiphiVoet  consisting  of  the  symbols  i  brackets,  and 
commas,  Txiis  word  is  obtained  if,  in  some  kind  of  superpo¬ 
sition  from.  the  geometric  image  of  which  is  the  tree,  we 
substitute  the  symbols  for  L,  and  for  ».  ,  Moreover, 
the  resulting  words  will  be  the  same  regardless  of  the  super¬ 
position,  the  ^ image  ,of  which  is  the  given  tree,  vre  take. 

Determination,  Tv;o  trees  are  isomornhous  if  their 
corresponding  words  are  identical. 

1.4.  Index  of  simplicity.  We  sha.ll  introduce  the 
concept  of  the  index  of  simplicity  which  characterizes 
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'sapidly  the  complexity  of  the  superposition. 

Determination.  The  index  of  simplioity  is  called 
the  nonne^^ative  functional  determined  on  the  union  of  the 
'  ■  ;-f  r  e  <3  and  end  equal  to  zero  "by  the 

«iaoii  tad- in  called  the  index  of  sisiplicity . 

'  Exaiaples.  The  index  of  simplicity  can  he  determined 
in  the  following  manner; 

(a)  the  index  of  simplioity  of  the  superposition  is 
equal  to  the  nimher  of  end  segments  Of  its  corresponding 

'■tree  (this  number  is  equal  to  the  numhei*  of  symbols  en~^ 
countered  in  the  superposition)?  the  index  of  simplicity  c£ 
the  r-lace  elementarj?'  object  from  «»  is  equal  to^--^.b.f=“i,  2. .. 

(b)  the  index  of  simplicity  of  the  superposition  is 
equal-  to  the  number  of  all  the  segments  of  its  correspond¬ 
ing  tree  (this  nuBiber  is  equal  to  the  total  mamber  of  sym¬ 
bols  1*  and  encountered  in  the -superposition:  the  index 
of  simplicity  of  any  /.-place  elementary  object  from  «* 
is  equal,  to  /. 

(e)  the  index  of  simplicity  of  the  superposition  is 
equal  to  the  class  of  this  superposition;  on  it  is  deter¬ 
mined  in  a  random  manner. 

Let  ,)“be  the  elementary  v -"Place  object, 

A  ,  .  Li  (A,, ....  — the  superpositions  from*'* 

•••  . ‘kH-'the  corresponding  indexes. 

Let  the  index  satisfy  the  f ollov7ing  condition: 

/iL,(A,,  ...  . +  (i) 

It  folj.ov;s  from  (1)  that 

lllAAf . 

where  -»!-is  the  lower  edge  of  the  indexes  of  all  the  z- place 
ele.tiientary  objects  which  comprise  ®»«  is  the  number  of 
{•~T>lace  elementary  objects  in  the  sxxperposition 

frequently,  the  indexes  satisfy  a  stronger  condition 
than  (2 );  .  ... 

•••  •  ^  ^iPl’ 


where  is  a  non-negative  constant. 

The  condition  (3)  is  also  satisfied  by  the  index  of 
the  examnle  (a)  (see  lemma  3).  The  index  of  example  vb) 
also  satisfied  (3).  The  index  (c)  does  not  satisfy  the 
condition  (2)  no  matter  how  it  is  determined  for  «9  (except 
the  case  when  for  <fo  the.  index  is  equal  to  zero). 

Henceforth  always,  x<jithout  special  reservations,  we 
will  assume  that  the  indexes  being  examined  by  us  satisfy 
the  condition  (2), 


1.5.  Realization.  Schannon  Function  /-(/>»>.  Let  ’ 
"be  the  naos  of  certain  elements.  We  shall  determine  the 
concept  of  the  realization  of  if}  by  the  superpositions 

■'non  «■ 

We  shall  compare  v/ith  each  superposition  a  certain 
sirie^le  element  f.  moreover,  let  for  any  element  /  be  a  super¬ 
position  v/ith  which  it  is  compared.  The  superpositions 
which  comprise  the  prototype  f,  are  called  its  realizations. 

Let  A -be  a  random  submass  of  4f). 

We  shall  designate  by  i(f}  the  minimum  index  of  the 
■uperpositions  from  ft.',  which  realise  f;  we  shall  designate 
me  max  K/i  tiii-ough 

In  other  words,  L{D,^)  is  such  a  smallest  number  that 
any  element  from  can  be  realized  by  the  superpositions 
from  »,  the  index  of  which  does  not  exceed  ^{^*). 

L(D^)  characterizes  the  possibilities  of  the  realiza¬ 
tion  of  the  elements  from  2\. 

1.6,  Two  examples.  For  illustration  of  the  concept 
of  the  superposition,  we  shall  examine  two  sapid  examples, 

A.  Let  P-  be  the  closed  class  of  functions  of  two- 
significant  algebra  of  logic,  that  is  a  sub  mass  of  func¬ 
tions  of  the  algebra  of  logic  which  contains  along  with  any 
S3^stem  of  functions  their  random  iteration.  On  the  strength 
of  the  Post  theorem  £^l_7i  this  class  has  a  finite  base 

....  a-,,).  .  ...  . (4> 

that  is,  an^,'’  function  of  P  is  expressed  as  a  formula  by  the 
function  (a).  The  given  class  P  can  be  realized  b.7  super¬ 
positions.  For  this,  we  shall  select  as  a  mass  of  elemen¬ 
tary  objects  the  mass  . ) .  . )j,  where  A, 

is  versus  the  number  ‘  '-i,  2.  ....  r.  Ve  shall  assume 

that  the  mass  has  the  same  capacity  as  t.he  mass  of  argu¬ 
ments  of  functions  of  the  class  P-  The  mass  of  superposi¬ 
tions  of  the  indicated  elementary  objects  is  in  mutually 
well-defined  conformance  v/ith  the  mass  of  all  the  iterations 
of  the  functions  (4):  .if  in  the  superposition  we  substitute 
the  symbol  4  for  and  the  symbol  is  replaced  by  the 
symbol  of  the  argument  then  we  obtain  the  corresponding 
iteration.  In  order  to  obtain  the  realization  of  the  ele¬ 
ments  of  P  by  superpositions  from  «.  we  shall  compare  for 
each  superposition  a  function  which  is  determined  by  the 
corresponding  itero,tion.  Let  the  subclass  P’  which 

contains  all  the  f’anctions  from  j  arguments  the 

number  of  these  functions, 

A (/>,).  according  to  1,5.,  is  eoual  to  such  a  smallest 
number  that  anj^  function  of  /  arguments  can  be  expressed 
by  iterations  of  the  functions  (4),  the  index  of  which  does 
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not  exceed  L{D'^)  ("by  index  of  iteration  we  understand  the  in¬ 
dex  of  the  corresponding  superposition). 

B.  let  us  examine  class  s  of  two~pole  strongly 
";orr-'iec  ;-3d  networks  (see  '£^8j7)f  olosed  with  respect  to  the 
^peraxic;:^  r  of  the  replacement,  of  the  edge  of  one  network 
with  suiother  network;  both  possible  isethods  of  replacement 
are  solved  (see  Big  5)  (A  two-pole  network  is  a  finite  graph 
(see  ^3  7)  in  which  two  peaks  are  marked?  these  are  called 
poles,  The  boundary  peaks  of  the  subgraph  t.of  the  given 
'network  r  are  called  peaks  common  for  t  and  its  supplement, 
i,  e,,  a  subgraph  of  this  network  consisting  of  edges  not 
'"'elonging  to  y.  and  their  ends  and  which  also  comprise  the 
subgraph  of  the  pole.  Let  p?-  be  the  number  of  boundary 
peaks  in  the  siibgraph  r  of  the  network  p  The  network 
is  called  strongly  connected  if  it  is  connected  and  the 
minimum  taken  from  all  the  subgraphs  ^  (except  the  sub¬ 
graph  consisting  of  the  entire  network D- is  not  less  than 
two.  A  strongly  connected  network  is  called  indivisible 
( non-se parable )  if  the  minimum  (>?»  taken  with  respect  to  the 
subgraphs  r  (except  the  subgra:0h'  consisting  of  the  entire 
network  and  subgraphs  consisting  of  one  edge),  is  not  less 
than  three,).  The  mass  of  all  the  indivisible  networks 

. r^>.  r  <00  (ti-  is  the  number  of  edges  in  the  network 

rj‘).  which  comprise  £,  forms  the  base  of  y,  i.  e,,  any  net¬ 
work  from  s  is  obtained  from  the  base  ones  by  the  applica¬ 
tion  of  a  finite  number  of  operations  «.  The  base  of  the 
class  of  all  the  strongly  eorniected  networks  consists  of  all 
the  indivisible,  strongly  connected  networks. 

Determination,  The  class,  the  base  of  which  consists 
of  a  finite  ntimber  of  indivisible  networks,  is  called  the 
class  with  a  limited  topology. 

An  example  of  the  class  with  a  limited  topology  is 
the  class  of  *-  networks.  The  base  of  this'  class  consists 
of  three  ne'tv/orks  shown  in  Big  3.  ^  adding  to  this  base  a 

bridge  (Big  4),  we  obtain  another  class.  Class  4,  closed 
with  respect  to  ft.  can  be  realized  by  superpositions,  Bor 
this  purpose,  we  shall  select  as  a  mass  of  elementary  objects 
the  mass 

—  {1,  (»  •  - . L»i  (,  .  - . .  .  »)i  A'C*  .  •  •  i)}» 

where  and  Li  are  the  sane  number  t»i . r.  As  a  mass 

of  the  symbols  {*„}  we  shall  take  the  mass  from  one  element 
*  (we  will  place  it  in  conformance  with  all  the  edges), 

^t( . )  and  m,  ...,)  correspond  to  two  possible  methods  of 

substituting  the  network  rji  into  another  network  instead 
of  an  edge. 


•o 


n  f! 


o 

Pig  4 


i ,  (2  L,lz.  Lii2Jt.X,Z$ 

Pig  5 


3ach  superposition  from.  »  describes  in  a  well-de¬ 
fined  manner  the  process  of  obtaining  a  certain  network 
from  S  by  the  application  of  the  operation  ft  to  the  base 
networks  (see,  for  example,  Pig  5).  Moreover,  for  one  net¬ 
work  there  can  be  corresponding  different  superpositions 
from  Hov/ever,  in  any  case,  ^  realizes  j  (The  confor¬ 

mance  between  and  can  be  described  in  greater  details 
(see  ^8  7). ). 

li  the  base  of  S  includes  vj(S)  indivisible  net¬ 
works  v;ith  I  edges,  then  o#  includes  2»,(J)  pieces  of  l- 
place  objects. 


2,  Evaluation  of 

2.1.  Rt'esentation  of  the  problem.  Method  of  its 

solution.  In  the  langitage  of  the  introduced  concepts,  our 
prob3.en  consists  of  the  evaluation  of  from  below.  The 

idea  of  an  evaluation  is  the  same  as  in  1,  2,  3  and  in 
various  other  works.  At  the  beginning  (theorem  1),  we  cal¬ 
culate  how  aanjv'’  nqn-isonorphous  superpositions  which  realize 
class  have  an  index  that  does  not  exceed'  n.  Then  we  find 
the  asymptotic  expression  of  the  upper  edge  of  those  for 
which  the  indicated  number  of  superpositions  is  less  than 
the  number  of  elements  in  J>k  This  upper  edge  will  give 
the  lower  evaluation  for 

2.2,  Certain  limitations  imposed  on  the  index.  The 
purpose  of  this  note  is  the  evaluation  of  IC^k)  for  random 
indexes  which  satisfy  the  condition  (2).  In  order  to  obtain 
a  non-tri vial  result  which  would  find  application  without 
the  concretization  of  the  concept  of  realization,  we  should 
require  that  the  mxmber  of  superpositions  with  an  index  not 
in  excess  of  «.  should  be  finite  for  all  n  Actually,  in 
the  opposite  case  there  v/ould  be  such  a  smallest  number 
that  the  nimiber  of  superpositions,  the  index  of  which  does 
not  exceed  n„  is  infinite.  In  this  case,' we  cannot  be  as¬ 
sured  that  all  the  elements  of  any  class  of  are  realized 
by  the  superpositions  with  an  index  not  exceeding  and 
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‘the  followiiag  supposition  would  he  correct:  regardless  of ’ 
the  type  of  mass  of  there  will  always  take  place:«j>  !<(&»). 
and  if '  then  for  any  mass  of  _  with  a  sufficiently 

.lar/:re  mimber  of  elements,  ;L(h^)>ns.  ^uch  indexes  are  not 
of  '(nt^rest  and,  for  this  reason,  we  shall  not  examine 
these  (althou£;h  even  for  these  it  would  be  possible  to  pre¬ 
sent  corresponding  results). 

And  thus,  we  will  require  that  the  number  of  super¬ 
positions,  the  index  of  which  does  not  exceed  n,  should  be 
finite  for  all  n. 

In  the  case  in  which  the  index  satisfies  the  condi¬ 
tion  (3),  the  fiilfilliaent  of  the  conditions  (5)  and  (6)  is 
n.eces.c-iai’y  for  this: 

■j  " . 

!  li'S  Pi®**®!  (if  the  base***is  infinite  ^  ' 

p,  >  0,  /  =  1,  2,  . . .  (6) 

Actually,  if  the  base  is  infinite  and  (5)  is  not 
fulfilled,  then  all  the  P.  do  not  exceed  a  certain  constant 
p;  then  for  each  /  ther-e  vrill  be  a  i-  place  obj'ect 

with  an  index  p,;  because  of  (3  ),  . *<)j“Pi.+p,<p+Pa« 

=:Const.  Consequently,  the  nuiaber  of  superpositions  (even 
of  first  class),  the  index  of  vjhich  does  not  exceed  a  cer¬ 
tain  constant,  is  infinite. 

Let  (6)  not  be  fulfilled  i.  e.,  p<«0  for  a  certain  A 
Por  example,  let  >,=.o  and  /{A,(,)l«d.'  All  the  superposi¬ 


tions  :  A,  (JC.  »),  L,  (ar.  A,  (*,  *)),  L,  (*.  L,  (x.  A,  {*,  x))) 


will,  because  of 


have  the  index 


i ,  e , ,  the  mimber  of  isomorphous 


superpositions,  the  index  of  which  is  equal  bu  xh  mu- 
finite. 

Since  (3)  is  a  specific  case  of  (2)  and  we  wish  to 
examine  any  indexes  which  satisfy  (2),  then  (5)  and  (6)  are 
necessary  conditions  for  the  situation  in  which  the  number 
of  superpositions,  the  index  of  which  does  not  exceed  «,  is 
to  be  infinite  for  all  «• 

However,  the  requirement  of  f>,>Q  Is  unusually 
strong.  In  examining  such  an  important  index  as  the  index 
of  the  example  (2)  in  paragraph  1.4?  we  encounter  the  case 
of  /’f-o.  Por  this  reason,  we  shall  solve  the  conversion 
P,  into  zero  and  replace  the  condition  (6)  by  the  condi- 


is  xn- 


Pi 

tion 


(6*) 


But,  as  follows  from  the  above  presentation,  we  will  be  com¬ 
pelled  to  impose  s  certain  limitation  on  the  realization 
(see  condition  (7)). 

¥e  shall  designate  by  <><»>  the  mass  of  those  superpo¬ 
sition  from  «,  in  which  a  single-place  object  is  not 
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encoijuitered  in  succession  more  than  «  times.  Example; 
the  superposition 

L,  <4  (l.,(x)).  t,(y).  4(i).  h, (*)))) 

belorL?'s  to  if  ^>2.  The  condition  vmich  v?e  impose  on 

the  realization  is  formulated  in  the  following  manner; 

If  class  is  realized  by  the  superpositions  from 
tf,  then  there  exists  such  a  •c>o  that  it  is  realized  also 
03'  the  superpositions  from  «<«>  (i,  e,,  the  prot^'pe  of  each 
eleneiit  /  from  n  includes  at  least  one  superposition 

from  <^^'0-  } 

Ihis  condition  could  be  imposed  onlj''  in  an  ezamina™ 
tion  of  tiiose  indexes  for  which  but  it  is  moi'e  con¬ 

venient  to  require  its  fulfillment  all  the  time.  It  is^ 
not  excessively  bui'dening  and  is  fu3.filled  in  cases  of  in¬ 
terest  to  us. 

The- conditions  (5),  (6*)»  2,nd  (7)  are  sufficient  so 
that  the  number  of  superpositions,  the  index_of  ifnioh  does 
not  exceed  n.  is  finite  for  all  «  (this  foliOv*Js  from 

Henceforth,  we  shall  alv;a,ys  assume  that  the  condi¬ 
tions  (2),  (5),  (6),  and  (7)  are  fulfilled. 

2i3.  designations,  V/e  shall  introduce  the  follow¬ 
ing  designations; 

I'l  '  4—  is  the  number  of  elementary  ^~place  ob¬ 
jects  in  ap,  k,  is  finite  for  all  i :  because  of  1.1. 

2. 


inf  “ 


{>2. 


j£l  ■  if  Pi  =  0. 


iof  A  <  if  Pi  >  0. 


The  number  p(n)  can  be-  called  the  specific  weight  of  the 
P-place  elementary  object.  It  is  obvious  that  p(«)— is 
a  non-increasing  function  no't  equal  to  zero  (because  of 
( 5 )  and  ( 6 ’  ) ) . 


t  {«) « 


sup  if 

Pi 

sup  *  if  />j  >  0. 


It  is  obvious  that  $(«)  is  a  definite  function,  non-decrea 
ing  cver3m'?here  (beca,use  of  (5)  and  (6*)). 
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4-,  is  a  mass  of  trees  corresponding  to  the  ' 

superpositions  from  «<'>. 

5.  vj'hen  »>i-~  is  the  number  of  non-isomorphous 


.Ha/^nitude 


mu..oh  iiaye 


end  segments 


is  the 


the  mass  consisting 


of  8 


,n  .empty  tree  and  of 


trees  fro.m  viith  one  end  segment. 


6 ,  Aa, 


-sW  «■ 


7.  is  the  number  of  non-’iso.morphous 

‘-trees  from  vjhich  have  the  following  oharaeteristics: 

(a)  they  have  an  index  not  greater  than 
(b;  the  end  segments  are  compared  with  the  symbols 
iifK  from  a  fixed  massf**.,^. 

Because  of  1,2,  %,}.v  is  equal  to  the  number  of 

superpositions  vrith  an  index  not  greater  than  \j  and  con¬ 
taining  not  more  than  ‘ »  fixed  symbols  from  ;{ar4,  in  which 
the  single-place  objects  of  the  index  zero  are  encountered 
in  succession  not  more  than  -s  times. 

Theorem  1. 


where  c),  while;A^-  is  a  certain  absolute  constant* 

Me  shall  preface  the  proof  of  the  theorem  with  several 
le;(amas . 

L^smma  1  (Compare  (12)), 

The  numbers  rfv.t' satisfjr  the  recurrent  relationships 

Broof,  The  trees  from  «<■'>,  which  ha.ve  one  end  seg¬ 
ment  are  small  chains  consisting  of  1,  2,1...,  «  segments. 
Consequently,  t+>s. 

The  number  of  trees  with  :  end  segments  in  which 
]l>i'  segments  come  from  the  root  is  equa]-  to 

Vl-f  ..  * 

Actually,  all  such  trees  can  be  obtained  by  joining  to  I 
segments  of  the  root  star  by  all  possible  methods  the  trees 
if  only  the  total  number  of  the.ir  end  segments  were  equal 
to  7-  The  nximber  of  trees  with  end  segments  in  v;hich  1 
segment  comes  from  the  root,  while  the  first  non-single- 
place  star  has  />l  places  is  obviouslj''  equal  to 


The  niuiber  of  trees  with  v  end  segments  in  which  the^  first 
n, on— single— place  star  has  />i  places  is  epual  to  the  sum 
of  (i)  and  (3*’)«  namely; 

5-1,  i4 i  =  flfi, (.  (8*^ 

Summarizing  (8”*)  with  respect  to  all  the  /,  we  obtain  con¬ 
firmation  of  the  lemma. 

Lemma  2.  The  number  -i,.,  of  non-isomorphous  trees 
from  having  not  more  than  n  end  segments  satisfies 

t he  ineouality 

■  ■  (9) 

where  while  -V-is  a  certain  absolute  constant. 

Proof,  Let  us  examine  the  equation 


X 


1>2 


m 


The  function  r.(y)  is  an  analytic  function  of  y  when 
moreover,  fii  ^o.  Por  this  reason,  there  is  the  function 

^  dy  |y«o  ^ 

v=»jfW.  if(0).«=0,  analytic  in  a  certain  neighborhood  of  the 
point  je-o  ana  satisfying  (10).  In  this  neighborhood 

y(x)=»Oi,.fa:-r  ••  •+<»», *2’'+ ••  •  ("*<) 

Substituting'  (11)  into  (10)  and  equating  the  coefficients 
for  ’*  in  the  right  and  left  portions,  we  obtain; 


^ ® I ,  x» 

^1,1  2)  2)  fl-vi.i'Sv,,  t  •  ■  •  Oy,, (12) 

l>2  yi+  .  ..4y(>=v 

*i*°  vt.  v,>l 

Prom  ( 12  )  and  ( 8 )  we  obtain 

The  ineauality  is  valid,  where  “y,^-  is  the 

coefficient  for  *’  in  the  dissociation  by  degrees  of  ^  of 
the  solution  of  the  equation 

i>2 


Actiaally,  for  the  relationship  similar  to  (12) 
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is  valid,  with  the  only  difference  that  the  external  sum  is 
taken  \-^ith  respect  to  all  the  I,  and  not  just  with  respect 
to  those  where  as  in  (12).  Special  points  of  the 

function  are  the  roots  of  the  equations: 


•file  smallest  vath  respect  to  modulus  which  satis¬ 
fies  (13 )  is 


■f,  % 


It  can  he  said  (see  /”9  j7)  that  the  series  con- 

verpjes  i-rhen  an'3  this  means  that  <4, t-pjf < {^i  v““i,  2,  ...  Hence, 

it  follows  that  where  M— is  an  absolute 

constant  c  -  ^ 

c,  _  - , 

K « « 1' rfv. 2 M’Cf, 


vJhere  M'~  is  an  absolute  constant.  Quod  erat  demonstrandum. 

Lemma  3.  A  tree  xviiioh  numbers  n,  pieces  of  i~  plac 
stars  (or,  vrhich  is  the  same,  segments,  with  f  segment 

coming  from  each  of  these)  has  l  +  segsients. 

1-i‘oof.  Actually,  the  number  of  all  the  segments  of 
a  tree,  including  the  root,  is  equal  to  t4-2h«i- 

bar  of  non-^end  segments  is  equal  to  Vn.  this  reason, 

the  number  of  end  segm-ents  is 

which  proves  the  lemma, 

"Proof  of  theorem  1. 

1.  We  shall  calculate  the  number  of  end  segments  in 
(L,  X)-:  trees  the  index  of  which  does  not  exceed  «.  ^  These 
trees  are  included  in  the  number  of  trees  which  satisfy  the 
condition  ■y.n^p.^n.  3;f  such  a  tree  contains  an  /-^plave 


©  m 


for  this  reason,  because  of  <’(«)  for  trees,  the  index  of 
v/hich  does  not  exceed  «,  the  inequalitj  takes 


'J/'lCf;  * 

.e  nur.ber  of  end  oegrients 


i  i 


eoual  to 


But 


of  the  tree  is 

nn,. 


t-i  ■ 

,  because  of  lemma 


P{«) 


Consequent  the  trees,  the  index  of  which  is  not  greater 
than  n,  have  no  more  end  segments. 

?  rn) 

2,  The  number  of  trees. from  which  by  rearrangement 
of  the  symbols  superpositions  are  obtained  with  an  index 
greater  than  «,  is  obviously  equal  to  the  number  of  trees 
the  index  of  which  is  not  greater  than  n,  and,  consequently, 
(lemma  2)  does  not  exceed 


jWCiw  . 


(15) 


where  iV-  is  a  certain  absolute  constant  while  C,^c,(x). 

3.  The  niimber  of  comparisons  of  /  symbols  from 
v/ith  end  segments  of  a  tree  from  which  by  means  of  a  rear¬ 
rangement  of  the  symbols  a  superposition  is  obtained,  the 
index  of  vrhich  is  not  greater  than  n,  does  not  exceed 


(16) 


4.  The  number  of  comparisons  of  the  symbols  from  {/,»} 
with  the  internal  and  root  segment  of  the  tree  is  equal  to 
f]  Let  p,  >0.  If  the  index  of  the  superposition 


does  not  exceed  n,  then  p,<n.  and,  consequently,  log 


5“g»  fi*r‘ <♦('*)  s  «iPi<'»i'(«). 


(17) 

(18) 


However,  this  is  so  only  for  those  indexes  in  which  Pi>0- 
If  p,  =0,  then  the  number  of  comparisons  of  the  symbols  L,,, 
besides  the  symbols  of  the  single-place  objects  does  not 
exceed  2"*'"b  ^ingle-place  objects,  however,,  can  be  com¬ 
pared  with  A-"‘  methods.  But  from  each  segment  of  the  tree 
a  small  chain  can  come  v/hich  contains  not  more  than  * 
single-place  stars.  The  number  of  all  the  segments  of  the 
tree,  besides  single-place  ones,  is  equal  to  2«,+3n,+  ...-f 
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Consequently,  super- 

^  l>2  i>je 

riositions  the  index  of  v/iilch  is  not  greater  than  n. 

Points  1-4  of  the  given  proof  give  groimds  for  assert¬ 
ing  'Chat  '  ■ 

,  <  /WfH' '  ('  ^  Jft)) . 

This  inequality  can  be  recorded  in  the  form  of 

09) 

.'here  .w--is  a  certain  constant,  •«), 

The  theorem  has  been  demonstrated. 

2.4.  Evaluation  of  Let  the  class  have  a 

finite  ma/^nitude  ms^m{D^).  Further.,  let  i^j(D^)-  be  such  a 
smallest  nimber  that  all  the  elements  of  /4  can  be  realized 
by  superpositions  which  contain  not  more  than  j  symbols 
from  {=fX  is  such  a  smallest  rnimber  that  all  the 

elements  of  can  be  realized  by  superpositions  which  con¬ 
tain  not  more  than  i:  single-plsice  objects  in  succession; 

t  exists  beea.use  of  the  condition  (7).  Theorem  1  makes 
it  possible  for  us  to  establish  without  labor  the  following 
supposition. 

Theorem  2.  If  there  is  such  a  sequence  of  the  class¬ 
es  of  Pk  that  «-■■><»  a.nd  —  od  «/.«  A -> », 

T»fo7 

(1)  regardless  of  the  value  of  *>t).  there  is  such 

a  A- (a)  thB:t  L{B^>  for  all  the  h>k^,  where  »,-is 

the  ^greatest  of  the  solutions  of  the  Inequality  (As  «.  one 

can  take  any  solution  of  (20).): 

ft  ^  '“t  ^^3  *’*■  (20) 

(2)  the  fraction  of  the  elements  of  the  class  z^, 

vfhieh  are  realized  by  means  of  superpositions  of  an  index 
smaller*  than  no  matter  hov;  small,  if  k  is  suf¬ 
ficiently  great.  Theorem  2  says  that  almost  all  the  ele¬ 

ments  of  the  class  contain  a  large  number  of  elements  are 
realized  in  a  very  complex  manner. 

Proof,  We  shall  demonstrate  the  second  assertion  of 
the  theorem:  the  first  follov;s  from  the  second.  The  number 
of  elements  of  the  class  /),,,  which  are  realised  by  superpo¬ 
sitions,  the  index  of  which  is  not  greater  t.lian'  n,  does  not 
exceed 


9n,  i,  ,•  where  /  ■=  / (D^),  t; t  (/>J, 
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Taking  into  consideration  theorem  1  and  also  the  fact  that 
p(n)  is  not  increasing  vdcile  <]>(»)  is  not  decreasing,  we  oh- 
tain: 

Because  of  the  fact  than  is  the  solution  of  (20)  we  oh- 


log,  ^  ^  log^  M  f 


g  m  —  oo  (2  i  I 


when.  k-^a>  (because  when  and  m-^co).  The  ineqiiality 

21)  shov/s  us  that  th.e  nunher  of  elements  from  />,„  which 
are  realized  hy  superpositions  of  an  index  sifialler  ths-n 
«o (*•-*)>  no  matter  hov;  small  in  comparison  v/ith  m,  it  m  is 
large,  v/nich  proves  the  theorem., 

frequently,  it  is  more  convenient  to  use  theorem  3 
and  not  2. 

•Theorem  3 »  If  t.here  is  such  a  sequence  of  classes 
of  that 

(1)  v;hen  >oo  also  m~->oo  and  /--»•<»; 

(2)  where  <ji-  is  a.  constant; 

(3)  when  k~*<x>. 

lo«s; 


(a )  {{  —  %), 


■'vvlie'^s  ft. 


the  greatest  solution  of  'the  inequality 

»  m 


*  — >  0  y jh-Gll  /i  OQ ; 

(d)  the  fraction  of  the  elements  of  which  are 
realised  hy  superpositions  with  an  index  smaller  than 
strives  toward  sero  wlaen  A—voo. 

The  proof  is  entirely  analogous  to  the  proof  of  theo¬ 
rem  2  (we  are  convinced  that  v?hen  a~>oo^.  We 


have  the  obvious  resuD-t  from  theorem  3.  log  „ 

Hesult,,  If  const,  then 

Exfumples  of  the  apiJlication  of  theorem  o; 

1.  If  >P(^- 1)*.  ()<«<». /•--‘t,  2,  const,  then 


/-(«.>>, (.fe .^0 


.A.C  tuall^f , 


DV  "I 


p(n)  ,>  min  p (/ —  1)*~*  *=  p . 
-/I  X  P  ✓ 


2»  If  «>i.  p-  const,  then 

3  .  If  Pi  >  p  (I  ~  1)  (for  large  /).  ,jb.ere  p  =  const,  log(,j{/- 1)  » 
h>P*2  lOgj  *  .  .  logg  (/  —  1)  ,  TO 

r  pan 


3.  Applications  of  theorems  1,  2,  3 


3.1.  In  the  realization  of  the  elements  of  class 
we  made  use  onlj/  of  superpositions  in  which  the  single- 
plaoe  function  is. not  encountered  in  succession  more  than 

t  times  (condition  (7)).  The  slmpj-e  lemma  demonstrated^ 
helov?  gives  grounds  for  asserting  that  (7 )  is  fulfilled  in 
JV-  significant  logic. 

'The  length  of  the  iteration  of  the  single-place  func¬ 
tions  v;ill  he  used  to  desi-gnate  the  number  of  functions  in 
it;  for  example,  the  length  of  the  iteration  (?,(*))))  is 

equal  to  4. 

Lemma  4.  Suppose  we  have  r  single-place  functions 
of  A',  significant  logic  of  Then  there  exists 

such  a  number  that  for  each  iteration  of  the  functions 

os(®)  there  will  be  its  eauivalent  (i.  e.,  which  ex¬ 
presses  the  same  fxmction)  iteration  the  leng'th  of  which 
does  not  e.xceed  '• 

Proof.  Actually,  in  the  opposite  case  there  would 
be  such  an  infinite  sequence  of  the  numbers 
...  <  -Ci  <  ...  that  for  each  t  there  will  be  at  least  one  func¬ 
tion  expressed  by  the  iterations  of  the  length  of  «i,  but 
not  expressed  by  the  iterations  of  a  smaller  length.  But 
this  is  impossible  because  there  is  only  a  finite  number  of 
all  the  s. ingle-place  functions, 

3.2, '’  Application  to  two-signif leant  a].gebra  of  logic. 
We  shall  return  to  the  exaraple  A,  paragraph  1.6.  The  «»- 
constructed  therein  is  a  finite  mass;  for  this  reason,  the 
condition  (2)  of  theorem  (3)  is  fulfilled.  Pitrt.her,  p(ft)^»p=' 
=const.  If  the  index  is  equal  to  the  number^ of  signs  of 
arguraents  in  the  iteration  of  the  base  functions,  then 

if,”  however,  it  is  equal  to  the  nimber  of  signs  encountered 
in  the  iteration  of  the  functions,  then  where  s  — 

is  the  maximim  number  pf  places  in  the  function  of  the  base. 
Ve  shall  designate  by  the  number  of  functions  from  / 


arguments  in  the  closed  class  /*,  -  and  the  w.3,x 

taken  with  respect  to  the  functions  from  p  and  depending 


on 


7  argument s . 

''..'i'.cn  (see  theorem  3)? 


'"j 


CO 


when  7 -,.>.  00. 


then  for  any  «>o  there  is  such  a  j„(i}  that  all  the  func¬ 
tions  from  />  y#(a)  arguments  of  class  P  cannot  be  realized 
by  means  of  iterations  of  the  base  functions  v;ith  the  index 
smaller  than  means  of  iterations  of  a  smaller 

^  logs/  ^  *' 


index,  it  is  possible  to  express  only 
fraction  of  the  ahinctions  from  j>Jo(3i 


an  infinitely  small 
arguments  from  />. 


Examples . 

1,  is  the  class  of  all  the  functions  of  the  al¬ 
gebra  of  logic.  In  this  case, 


Lj  iP)  > 


(1-3). 


case , 


2.  p-  is  the  class  of  self-dual  dunctiono.  In  this 


3.  jP—  is  the  class  of  monotonous  functions.  In 
this  case, 


> 


(cm.  (lOj), 


L,  (^)  >  |/^ P “*)• 


3.3.  Application  to -S'- significant  logic.  In  N-  sig¬ 
nificant  logic* there  is,  no  proof  of  the  theorem  of _ the  fini- 
tiness  of  the  base  for  closed  classes  similar  to  the  Post 
theoreaU.  There  is  a  .hypothesis  that  such  a  theorem  exists. 

If  s’ich  a  theorem  is  valid,  then  (  ^j{P}  again  desig¬ 
nates  max  1(f)  with  respect  to  the  functions  from  /  argu¬ 
ment  .s  in  />); 


vrhere  p^inf/i-^  const  for  any  />.  If  p~  is  the  class  of  all 
the  functions  of  A'-.' .significant  logic,  then 


besides,  again  the  fraction  of  the  functions  v/hich  are  rea¬ 
lized  more  simply  is  infinitelj'-  small,  Plovrever,  if  the 
theorem,  similar  to  the  I'ost  theorem,  is  not  valid  in  ff- 
if logic,  then  (23)  is  valid  only  for  classes  with 
finite  'base;  for  classes  with  an  infinite  'base,  the  eva- 
of  LjC-P)  is  obtained  by  means  of  (20)  or  (22)  (see 
ezamipl.es  of  the  theorem  (3))« 

3,4,  Application  to  the  theorem  of  netv?orlcs,  V/e 
shall  retuicn  to  the  example  B  from  paragraph  1,6,  Let  us 
assume  that  t  ....  so  that  the  index  is  a  unit 

smaller  than  the"  number  of  edges  of  tha.t  netvrork  the  con- 
■struction  process  of  vdiich  expresses  the  superp>osition. 
liCt  us  assume  that  the  Then  v;e  obtain  such  a 

supposition  (because  of  theorem  I); 

The  number  of  networks  with  «>i  edges  in  the  closed 
class  the  base  of  which  contain^!  v,(*S)  indivisible  net¬ 
works  v;ith  !  edges  does  not  exceed 

(24) 

Where  M  and  C,~  are  constants,  i(S,n)~  is  the  value  of  /. 
for  which  maxr  ,*,urn  attained. 

The  eva,luation  for  the  number  of  all  the  strongly 
corinected  two- pole  networks  v/ith  n  edges  stems  from  /f~ll_/: 

}  ■  (2&> 

where  is  a  constant, 

A.  Let  S—  be  the  class  with  a  limited  topology. 

Then  the  function  ,  rWvr-,  ds  limited  by  a  certain  constant 

and  the  n’omber  of  netvforks  with  r  edges  in  this  class  does 
not  exceed  where  c,-- is  a  const.,  i.e.,  the  number  of 
networks  v/ith  «  edges  inliie  class  with  a  limited  topologji' 
is  infinitely  sma3.1  in  comparison  v/tth  the  number  of  all  the 
networks  with  h  edges. 

B,  Let  be  the  class  of  all  the  two-pole  strongly 
connected  netv’orks,  v, ~  the  number  of  all  the  indivisible 

networks,  the  value  of  4  for  v;hich  max^rri  is 

attained.  ‘ 

It  follows  from  (24)  and  (25)  that 


>  r 

V,(Joga«)*y 


Consequently, 


r _ _ 


(26) 


Since  *'<«,  then  it  follov;s  frois.  (26)  that 


(27) 


vrhere  .4  ==>  const. 

Inaonuch 
"tri'/cs  tovarci  1 


■.■'hi 


UO  j 


we 


sequence  ot  txie 


as  the  right  portion  of  the  inequality  (26) 
.nfinitj'’  vfnen  n— then,  i— *co  whe.n 

have  prcved  tha,t  there  is  such  an  infinite 
nunbers  »i.  «, . ij,  ...  that 


V.'e  see  t 
elites  is 


con; 


liderable  poi’tion  of  the  networhs  with  .  i, 


indivisible . 


3.5 


n-Dlication  to  the  theory  of  contact  circuits, 
of  netv;orks  v/ith  a  li.nited  topo- 
ea.ch  edge  one  of  the  contacts 
class  s*  of  contact  oir— 
called  the 
Class  s*  can 


for 


'n  ~  I 

tit.,:  (j 


tiCi  S* 

irala 


We  shall  examine  class 
logy;  v/e  shall  compare 

jc,,  ar, . j:,.  i,.  We  shall  obtain 

cults  r.ror‘!  the  /  relay,  v/hich  is 
class  of  circuits  with  a 
be  rea.l 

example  A  from  paragraph  1.6,  while  the 
taken  as  consisting  of  2/  symbols  *»•  • 
of  circuits  with  a  limited  topolog;/  from 


.  “T  r 


limited  to 
tion  by  tak 


poxogj’- 


zed  by  superposition  by  taxing  «»  the  same  a-s  in  the 
from  paragraph  1.6, 


mass 

•  ’  I 


of  symbols  is 


The 


n  > 1  contacts 
where 


as  follows  from  3.4, 

«•  =»  const 


does 


number 
the  relay  j  with 
not  exceed  .wr;-/’'*'. 


We  shall  realize  class  P  of  the  f^onctions  of  the  algebra 
of  logic  by  the  circuits  from  .s*.  Let  1(7)-  be  the  minimum 
number  of  contacts  necessary  for  the  realizatio.n  by  the 
circuits  from  .i'*  of  the  function  /,  (/*)=*  wav  t(/).  taken  with 

respect  to  the  functions  /».  and  depending  on  /  arguments. 

It  is  not  difficult  to  become  convinced  of  the  vali¬ 
dity  of  the  following  supposition: 

when /-> 00.  then  for  any  *>0  there  such 

a  that 


( I  --  3)for  all  y  >  /o (a) 

the  fraction  of  the  functions  which  are  realized  with  a 
snailer  nxinber  of  contacts  is  infinitely  small  when  y-^a>. 


20 


In  particular,  if  are  all  the  functions  of  the  algebra 


of  ?..Of?iG ,  then 


For  the  case  in  v/hlch  s^~±s  the  class  of  parallet-seri^ 
circuits,  the  last  evaluation  is  obtained  in  the  work 
We  vrish  to  point  out  that  if  the  class  of  all  the  circuits 
and  not  the'  class  of  circuits  with  a  limited  topology  is 


taken  as  t 


he  one  being  realised,  then  the  following  sub- 


bantially  smaller  evaluation  takes  place j 


3,6,  Suppose  we  have  tvro  two-r place  functions 

/(*. 

Each  natural  number  can  be  expressed  by  a  formula  using 
these  tv/o  functioxis  and  the  constant  1.  For  exe-mple; 

t0»  (. .  .((1  + 1)  +  i). .  •);  10  “  {(((1  + 1)  ■+■  1)  ((1  + 1)  +■  1))  +  !)• 

Let  h(«}-  be  the  smallest  number  of  the  signs  -f  and  » ,  by 
means  of  which  it  is  possible  to  express  all  the  numbers 
from  1  to  m.  In  order  to  obtain  from  theorem  2  the  eva¬ 
luation  of  h(»!),  we  assume  that  /»=i,  pj=l.  if 

In  this  case,  it  is  possible  to  find  a  more  accurate 
value  of  namely  Here  ,  ?(«)- 1,  The  inequality 

(20)  takes  the  foi*m  of 


n  log,  8  <  logj  m. 


We  obtained: 


^(»»)  >  •J-(l  — «)  logoffs, 

where  e-i.o  when the  fraction  of  the  numbers  expressed 
more  siiiply  is  infinitely  small. 

It  is  clear  that  this  is  only  a  very  rough  evalua¬ 
tion  becaiise,  among  the  formulas  considered  different  by 
us,  there  are  actually, r  many  that  are  equivalent. 
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